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Abstract We study contact processes on open clusters of half space. Our result shows that
the complete convergence theorem holds.
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1 Introduction

Set Z:=1{0,£1,+2,...}and Z+ :=1{0,1,2,...}. Denote H:=7Z% x Z* and E := {(x, y) :
lx —yll =1,x € H, y € H}. That is, (H, E) is the integer lattice of the half space. Run
the Bernoulli bond percolation model on the lattice in the way that each edge is declared
open with probability p and closed with probability 1 — p, where 0 < p < 1. Different
edges receive independent declarations. Delete all closed edges and get a graph C. Call
each connected component of C an open cluster. More formally, we consider the following
probability space. As sample space we take Q2 = {0, 1}, points of which are represented
as w = (w(e) : e € E). The value w(e) = 0 corresponds to e being closed, and w(e) = 1
corresponds to e being open. We take F to be the o-field of subsets of Q° generated by the
finite-dimensional cylinders. Finally, we take product measure with density p on (Q?, F?);
this is the measure P? = [, g it., where 1, is Bernoulli measure on {0, 1}, given by

pe(w(e) =1) = p, He(w(e) =0)=1—p.
Then
C=Cw)=MH,{ecE:w(e) =1}).

Readers can refer to Grimmett [6] for more background on percolation.
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Then run the contact process on the random graph C. The contact process, introduced
by Harris [7], is a continuous-time Markov process whose state space is the set of all sub-
sets of H. It may be thought of as a model for the spread of infection. Here is a heuristic
description. At each instant of (continuous) time, each site is in one of two states: infected
or healthy. An infected site recovers at rate 1 and a healthy site becomes infected at rate
proportional to the number of its infected neighbors. Formally, £ =&(C) ={&,(C): t > 0} is
the contact process on C with transition rates

& — &\ {x} forxeg atrate 1,
& —>&U{x} forx ¢§g atrate h-|{y €& :(y,x) is open}|,

where A is a parameter, and | - | denotes the cardinality of a set. Denote by £4(C) the process
with initial state A. Realize £(C) in the probability space (Q*, F*, P,). We say £ survives
if €A = ¢ for all ¢ > 0, while £ dies out if there exists ¢ > 0 such that §* = @.

If p =1, then our model reduces to the contact process on the half space. If p < 1, then
C is arandom graph. Hence our model is a kind of contact process in a random environment.
It is a special case of Klein [9] with § = 1 and A being a Bernoulli random variable. Readers
can refer to Bramson, Durrett & Schonmann [2], Klein [9], Pemantle & Stacey [11] and
Steif & Warfheimer [13] for more information about contact process in a random environ-
ment. For more general surveys on the theory of contact process, we refer the readers to
Bezuidenhout & Grimmett [1], Durrett [3, 4], Griffeath [5] and Liggett [10].

It is well known that the complete convergence theorem holds for the contact process
on Z¢, see Bezuidenhout & Grimmett [1]. Now if P;(£°(C) survives) > 0, does (£2(C),
¢t > 0) have a limit distribution? The answer is yes, and we can verify that the complete con-
vergence theorem still holds. Let p* be the critical value of the Bernoulli bond percolation
model on H. When p < p* there is no infinite open cluster for almost w, see Sect. 7.3 of
Grimmett [6]. So S,H (C) converges weakly to dy for each A, where &y is the probability mea-
sure putting mass one on @J. When p > p* there exists Co, a unique infinite open cluster,
of C for almost w. Denote by vc the upper invariant measure, that is, the weak limit of the
distribution of £2(C) as t — oo. We have the following complete convergence theorem.

Theorem 1.1 For p* < p <1 and A > 0, there exists 2y C QP with PP(Qo) = 1, such that
forall we Qyand A CH,

ENC) = e -Pu(ENC(C) survives) 4 8y - P, (647 (C) dies out)
as t tends to infinity, where * =’ stands for weak convergence.

Remark Our result applies also to contact processes on open clusters of Bernoulli site per-
colation.

2 Outline of Proof

Our work is enlightened by Bezuidenhout & Grimmett [1]. They construct a space-time box
B =[-L, L]¢x [0, t] such that with high probability, a seed on the bottom is joined within
B to another seed on each of the other 2d + 1 faces of B. However, we construct several
types of space boxes. It is hard for us to describe the construction in simple words. Since C
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is not transitive, we have to be more careful on the construction of boxes in order to apply
‘translation invariance’ of C.

When p = 1, our result can be directly deduced by the argument of Bezuidenhout &
Grimmett [1]. In this paper we only prove the case d = 1 and p < 1. Our technique still
works for higher dimensions d > 2. When d = 1, the lattice (H, E) can be embedded into
the complex plane. Hence we reset H={a + bi:a € Z,b € Z*} and E={(x,y) : x,y €
H, |x — y| = 1}, where i = +/—1 is the unit imaginary number. Denote by R* the set of
nonnegative numbers and R+ =R U{oo}. For a real number a, let [a] be the largest integer
which is no greater than a. For a complex number x, denote by N(x) its real part, and by
J(x) its imaginary part. Let

[a,b] = {x e H: min{R(a), R(b)} < R(x) < max{R(a), RD)},

min{J(a), I(b)} = J(x) = max{3I(a), I(b)}}.

That is, [a, b] is a site set, which forms the rectangle in H with diagonal sites a and b. Set
B(M)=[x—M-—Mi,x+M-+Mi|NH forx e Hand M € Z*.

We shall make abundant use of the graphical representation of the contact process due to
Harris [8]. We follow the notation of Bezuidenhout & Grimmett [1]. Fix C and think of the
process as being imbedded in space-time. Along each ‘time-line’ x x [0, 0o) are positioned
‘deaths’ at the points of a Poisson process with intensity 1. For each open edge (xi, x»)
of C, between x; x [0, 00) and x, X [0, co) are positioned edges directed from the first to
the second having centers forming a Poisson process of intensity A on the set %(xl + x3) X
[0, 00). These Poisson processes are taken to be independent of one another. The random
graph obtained from H x [0, co) by deleting all points at which a death occurs and adding in
all directed edges can be used as a percolation superstructure on which a realization of the
contact process is built. We shall make free use of the language of percolation. For example,
for A, B C H x [0, 00), we say that A is joined to B if there exist a € A and b € B such
that there exists a path from a to b traversing time-lines in the direction of increasing time
(but crossing no death) and directed edges between such lines; for C C H x [0, c0), we
say that A is joined to B within C if such a path exists using segments of time-lines lying
entirely in C. But we extend the notion ‘within’ in this paper. For A, B € H x [0, co) and
C C H, we say that A is joined to B within C if such a path exists using segments of time-
lines lying entirely in C x [0, o0); for D C E, we say that A is joined to B within D if
such path exists using directed edges having centers lying entirely in D’ x [0, 0c0), where
D' ={*32: (x1,x;) € D}.

For x e H,r € Z* and 1 € [0, 00), we call (x x r), a horizontal (resp. vertical) seed with
2r + 1 sites if all sites in [x — r, x + r] (resp. [x — ri, x + ri]) are infected at time ¢. The
word ‘seed’ comes from Grimmett [6]. We say that a horizontal seed (x X s), is joined to a
vertical seed (y x t), if [x —r,x +7r] X sisjoined to z x ¢ forall z € [y —ri, y +ri].

Denote by P} a probability measure which satisfies

P/()= / P, (§(C) € )P’ (dw).

Generally, Pf is called the annealed law, P, the quenched law. We use the annealed law in
Sects. 3 and 4 to find different kinds of boxes. In Sect. 5, we use the quenched law to prove
Theorem 1.1 by the result of the annealed law.

Suppose p < 1 and P? (&0 survives) > 0. In Sect. 3, we find large r, such that £7~""
survives with large P} -probability. Next we find two kinds of edge sets: S-boxes and
L-boxes. These edge sets are called boxes since the endpoints of each edge set form a rec-
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tangle on H. We show that with large probability, a horizontal seed on the bottom of each
kind of box is joined to a vertical seed on the right side within the box. See Fig. 1.

In Sect. 4, we first use S-boxes and L-boxes to construct a route (through Algorithm 1) so
that with large probability, a seed in a fixed square is joined by the route to seeds in each of
the other two fixed squares (one above, the other on the right), see Figs. 2 and 3. Next, we use
the renormalization method to construct integrated boxes (through Algorithm 2). Consider
each of the fixed squares as one single point and connect two adjacent points with an ori-
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Fig. 3 Sample of AV(s, x, 1)

Fig. 4 Renormalization

ented edge if the seed in the first square is joined to a seed in the second square through Al-
gorithm 1. See Fig. 4 for intuition. We can get that with large probability, a seed in [a, b| x 0
is joined within integrated boxes to another seed in [a + cn, b + cn] X [TWn /6, 11Wn /6]
for any large n. See Proposition 4.1 for details. The proof of Proposition 4.1 is intuitive but
somewhat cumbersome, and is deferred to Appendix 2. The idea is to couple with the ori-
ented site percolation and to transform our problem to the calculation the sum of a sequence
of independent random variables.

Theorem 1.12 of Liggett [10] says that on a locally finite connected graph G, the com-
plete convergence theorem holds if and only if the following two assertions hold:

(i) Py(x €limsup&A(G)) =P, (64(G) survives) forallx € G and A C G;
(1) limy o liminf, P, (5 (G) N Bo() #0) = 1.

In Sect. 5, we check (1) and (11) for almost all w. Simply speaking, we iterate the above
construction of integrated boxes four times to get that with large probability, a seed in
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Fig. 5 Strong survival .

[a,b] x 0is joined to another seed in [e, f| X [3Wn, 00). See Fig. 5. From this, we get (1).
Extra tricks are needed to check (ii) , which are given in Algorithms 3 and 4. They are
similar to Algorithms 1 and 2. Therefore, we can get that for each n, with large probability a
seed in [ a, bJ x [0, W] is joined to another seed in [ e, fj X [(n— 1)W (n+ 1)W] Together
with the fact that every remote site cannot be infected in a short time, we get (11).

Finally, we show some relationship with the contact process on open clusters of the whole
plane in Sect. 6.

3 Construction of S-Boxes and L-Boxes

In this section our aim is to find two kinds of edge sets, S-boxes and L-boxes. We will prove
that with large P} -probability, a horizontal seed on the bottom of each box is joined within
the box to a vertical seed on the right side. See Fig. 1.

Lemma 3.1 Suppose P} (£° survives) > 0 and & > 0. Then there exists a positive integer r,

such that
82
P (&) survives) > 1 — 3 3.1
Proof Since P (£° survives) > 0, then
Jim P (vr, &) C Bo(M)) =P? (&° dies out) < 1. (3.2)
Ed %

For fixed M, n (which will be specified later), take x; < x, < --- < x,, such that x; | — x; >
3M fork=1,2,...,n— 1. Then
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P/ (g1 dies out)
<PI(ViVt, &' C B, (M))+P}3i 3, & ¢ B, (M) and £ dies out).
Note that by our choice of xi, ..., x,, the events {Vz, & C B, (M)}(i=1,2,...,n) are

independent since B, (M + 1), ..., By, (M + 1) are disjoint. Together with the translation
invariance, we have

P/(Vi Vi, & C B, (M)) =] [Pl (¥, & C B, (M)
i=1
=[P} (V1, & C By(M)]I"

< [P?(&° dies out)]".

For ¢ > 0, take n( such that [Pi7 (£° dies out)]" < £2/6. Also, by the translation invariance,
we have

P/ (3i 3, £ ¢ B,,(M) and £ dies out) < n-P/(3t, &’ ¢ By(M) and £° dies out)
=n - [P?(£° dies out) — P/ (Vt, £° C Bo(M))].
Furthermore, by (3.2) we can take M such that

2
P? (£ dies out) — PY(V1, £° C Bo(M)) < 68—.
o

Together,
&2
P/ (&1 dies out) < 3
Therefore, if we take r large enough such that [—r,r] 2 {xi,...,x,,}, then by the
monotonicity of the contact process, P} (="} survives) > 1 — £2/3, as desired. O

Fix ¢ > 0. Fix r > 1 which satisfies (3.1). For & > 40000r and w > 40000r, define
random set

oL (h, w)
={xe[—w,—w+hi]: [—r,r] x0 is joined to x x [0, co) within [—w, w + hi]}.

Hence ®%(h,w) is a subset of the left side of the box [—w,w + hi|. Similarly define
®F(h, w) the subset of the right side. Define random set ®YZ (h, w) the subset of the left
part of the up side as follows:

OYE(h, w)

={xe[—w+hi,hi]: [—r,r] x0 is joined to x x [0, co) within [—w, w + hi]}.

Similarly define ®Y®(h, w) the subset of the right part. Set ®Y (h, w) := ®YE(h, w) U
DUR(h, w).
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Lemma 3.2 Let p < 1 and P (£° survives) > 0. For any &, N > 0, one of the following two
assertions must be true:
(1) There exist constants h, w with w = 4h, such that

P/(|®“(h, w)| > N) > 1 —¢, P/ (|®(h,2w)| > N) > 1 —e. (3.3)
(2) There exist constants h, w with 8h > w, such that

P/ (|oYE(h, w)| > N) > 1 —¢, P/ (|®“(2h, w)| > N) > 1 —e. (3.4)

Proof Take w, = 2" and h, = 2% There are two properties of the sequence of boxes
[—w,, w, + h,i]. First, all sites being joined with [—w,,w, + h,i] are contained in
[—Wpi1, Wot1 + hytai]. Second, with large probability there are no edges being joined with
[—w, + hi, w, + hi] in C for some 1 < h < h, — 1 if n is large enough. By the second
property, there exists nq such that

2
P (DY (., w,) =) > 1 — % 3.5)

for n > ny. If all the edges outside the box [—w,, w, + h,i| and joined with &~ (h,,, w,) U
R (h,, w,) U DY (h,, w,) are closed, then £/~""] dies out at a finite time, since there are no
infected sites outside [—w,,, w, + h,i]. It implies that

P (g7 dies out | | (hy, wy) U @F (hy, wy) U DY (B, wy)| <2N) > (1 — p)*N+2,
By the first property of the sequence and the strong Markov property,
P/ 3ny,Vn > ny, | @ (h,, w,) U R (R, w,) U Y (B, w,)| > 2N| &) survives) = 1.

Hence there exists n; > ng such that for n > n,,

2
P (|5 (hy, wy) U ®R (B, wy) U @Y (B, wy)| > 2N | 777 survives) > 1 — % (3.6)

By (3.1), (3.5) and (3.6),
P! (1®" (hy, wy) U @R (R, w,)| > 2N) > 1 — €2
Using the FKG inequality (see Theorem 2.4 of Grimmett [6]), we can get
&? = P (| (hy, w,) U @F (hy, w,)| <2N)

> P (|19" (hy, wy)| < N, |@F (hy, w,)| < N)

> PL(|D" (hy, wa)| < N).
Consequently,

Pl (| (hy, w,)| > N) > 1 —e. 3.7)

Comparing (3.7) with (3.3), we see that A, is much larger than what we want. Hence we
reduce the height (such as £, /2%). Let kK, = w?> —n + 2 and h/, = h,,/2% for all n. Then
4h), = w,. If

P/ (|®"(h,, w,)| > N)>1—e, P/ (D5 (K, 2w,)| > N) > 1—¢

n’
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for some n, then (1) is true. Otherwise, one of the two following statements must be true:
(3) There exists a subsequence (n;) such that P} (|®* (), , w,,)| > N) <1 —e.

(4) There exists a subsequence (n;) such that P} (|®X (k! , 2w, )| > N) <1 —e.

n;’

No matter which of the two statements is true, there exists a subsequence (n;) such that
Pf(|d>L(h:1i, w, )| > N) <1 —¢ with 8, > w), . As aresult, there exists 0 < k <k, such
that

8h* >w!, P/(|®“QhY, w))|>N)>1—¢ and P/(DE(hF, w)|>N)<1-—e,
(3.8)
where i} = h,, /2w =w), .
‘We conclude that

P/ (|®Y (h}., wi)| > 2N) > 1 —&* (3.9)
for some i*. In fact, if no such i* exists, then P} (|®Y (h¥, w¥)| > 2N) < 1 — &2 for all i.
Use the FKG inequality again,
P/ (|0 (hF, wi) U @R (h7, w)) U @Y (h, w])| < 6N)
> Pl (|®" (k] w))| <2N,|®"(hf, w))| <2N, |9V (hf, w})| <2N)
> P/ (10" (b7, w))| < 2N)PL (19" (h}, w))| < 2N)PL (1Y (h}, w})| <2N) = e*.

However, i} tends to infinity as i — oo, which implies that there exists a strictly increasing
subsequence (h;*j) such that

P (|08 (hf , wi) U@ (hf, wi) U Y (h, w))| <6N) = ¢*.

It is impossible and the reason is similar to that of (3.6).
Let h* = h}., w* = w}. Then by (3.9),

P/ (|®YE(h*, w*)| > N) =PY(|OYR(h*, w*)| > N) > 1 —e. (3.10)
So (2) is true. Then we have proved the lemma. O

In order to state our result concisely, we introduce a special notation (-, -). For a, b,
c,d € 7, define

(a + bi, c + di)

. {(u,v)eE:u,vefa+bic+di], {RNwu),RNWw)} Z{a,c}}, ifla—c|>2|b—-d|,
" {,v) € By v e [a+bi, e+ di], (), I(v)} Z{b,d}}, if2la—c|<|b—d]|.

Then (a + bi, c + di) is an edge set. See Fig. 6. Let E be the event that 0 x 0 is joined to

every site of [—r + 4ri, r + 4ri| x 1 within {(—r, r + 4ri). Fix N > log?lo”% + 1 which
T

is large enough to ensure that in [N /20r] or more independent trials of an experiment with

success probability P/ (E), the probability of obtaining at least one success exceeds 1 — .
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Fig. 6 (a + bi, c + di)

Lemma 3.3 Suppose P} (|®F(h, w)| > N) > 1 — ¢. Then with P. -probability greater than
1 —2¢, there exist x € [w+4r, w+4r + hi| and t > 0, such that the horizontal seed (0 x 0),
is joined to the vertical seed (x X t), within (—w — 1, w + 4r + hi).

Proof Let t, be the first time that some site in [w + 2ri, w 4 (h — 2r)i] is infected. Precisely,
t; :=inf{t : [—r,r] x 0 is joined to [w + 2ri, w 4+ (h — 2r)i] x ¢ within [—w, w + hi]}.

If #; < oo, then with probability 1 there exists a unique infected site x; € [w +2ri, w 4 (h —
2r)i] such that [—r, r| x O is joined to x; x #; within [—w, w + hi]. Generally, let #, be the
first time that some site in [w + 2ri, w 4+ (h — 2r)i] \(Uf:l1 [x; — 3ri, x; + 3ri]) is infected,
and x; be the corresponding infected site if #; < co. Denote by E; the event that x; X #; is
joined to every site of [x; +4r — ri, x; +4r +ri] x (4 + 1) within (x; — ri, x; +4r +ri).
If E; occurs, then the horizontal seed (0 x 0), is joined to the vertical seed (x; X fi),
within (—w — 1, w + 4r + hi). By the transitivity and the rotation invariance, we know that
(g, [t < 00) has the same distribution with 1. Let

1Ek’ if t, < 00,

an independent random variable with the distribution 1z, if #;, = oo.

Then P(Y, = 1) = 1 — P(Y, =0) = P/(E).

By the strong Markov property and the translation invariance, Y1, Y», ... are independent
with respect to P} If |®%(h, w)| > N, then #; < --- < fiy20,] < 00 almost surely. Directly
calculate

[N/20r]
P! (some Ej occurs) > Pf( Z lg, > 1)

k=1

[N /20r]
zP§<|q>R<h,w>|>N, > Ykzl>

k=1
[N/20r]
> PL(|0F (h, w)| >N)+P§’< Y vi= 1) ~1
k=1

>1—2e¢.

So there exist x € [w + 4r + 2ri, w + 4r + (h — 2r)i] and ¢t > 0, such that the horizontal
seed (0 x 0), is joined to the vertical seed (x x t), within (—w — 1, w + 4r + hi) with Pf—
probability greater than 1 — 2¢. O
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=

Remark Similar conclusion holds for ®%, ®VR and YL,

Fig. 7 Construction of (1) through (2)

Lemma 3.4 Suppose p < | and P} (£° survives) > 0. Then for any & > 0, there exist r > 1
and h > 100r such that the following three assertions hold with PL -probability greater than
1—e:

(i) the horizontal seed (0 x 0), is joined to a vertical seed (x X t), within (—4h — 1, w + hi)
for some 4h + 4r <w < 4.0001h, R(x) =w andt > 0;

(i) the horizontal seed (0 x 0), is joined to a vertical seed (x X t), within (—8h — 1, w + hi)
for some 8h +4r <w < 8.0001h, R(x) =w andt > 0;

(iii) the horizontal seed (0 x 0), is joined to a vertical seed (x; X ty), within
(—8h — 1, wy + hi) for some 8h + 4r < wy; < 8.0001h and t; > 0; and the horizon-
tal seed (0 x 0), is joined to a vertical seed (x; X t), within (—w, + hi, 8h + 1) for
some 8h + 4r < w, < 8.0001% and t, > 0.

Proof When p <1 and Pf (&0 survives) > 0, either (1) or (2) of Lemma 3.2 is true. If (1)
is true, then by Lemma 3.3, (i) and (ii) hold. If (2) is true, we can prove the first two con-
clusions by iterating Lemma 3.3 and the remark below Lemma 3.3, see Fig. 7. Furthermore,
by (ii), the symmetric property and the FKG inequality, we can get (iii) in both cases. So we
have completed the proof of the lemma. |

We are going to introduce random variables Sy, Ss, L7 and Lg, together with S-boxes
and L-boxes.
Forx,yeH,t > s >0and w € [4h + 4r, [4.00014]], let

(x X 5), =5 (y x 1),

be the event that f(y — x) = w and [x —r,x + r] x s is joined within (x — 4h — 1,
x4+ w+h)toz xtforall z€[y—ri,y+ri]. Define random time

Sr(x,s, 1, 1) =inf{t : 3y, (x x 8), =5 (y x 1)),
where
w* =inf{w € [4h + 4r,4.00014) : Iz Ju, (x x 5), Llw (z x u),}.

If such w* does not exist, then set Sr(x,s,1,1) = oco. If Sy(x,s,1,1) < oo, define
Ss(x,s,1,1) taken value from {y : (x x s), Liwl (y x Sr(x,s,1,1)),} in a certain way.
As aresult, if S7(x,s,1,1) < oo, then (x X s), is joined to (Ss(x,s, 1, 1) x Sr(x,s, 1, 1)),
within (x —4h — 1, x + w* + hi), where w* = R (Ss(x, s, 1, 1)) € [4h+4r, [4.00014]]. We
call such (x —4h — 1, x + w* 4 hi) an S-box.
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o=1,c=-1 o=1,c=1
o=i,c=—1 o=i,c=1

Fig. 8 Orientations in S-boxes and L-boxes

Similarly define Ly(x,t,1,1)and Lg(x,t,1,1), so that if Ly(x,s,1,1) < oo, then
(x x §), is joined within (x —8h —1,x + w* + hi) to (Ls(x,s,1,1) x Ly(x,s,1,1)),,
where w* = N(Lgs(x,s,1,1)) € [8h + 4r,[8.00014]]. We call such (x — 8h — 1,
x + w* + hi) an L-box.

Similarly define Ss(x,t,0,c), Sr(x,t,0,c¢), Ls(x,t,0,c), Lt(x,t,0,c) for o € {1,i},
c {1, —1}, see Fig. 8.

Lemmas 3.5 and 3.6 below show that Sg, S7, Ls and L7 can help us find restart processes
which are independent of the former process in the annealed law. They are crucial to Propo-
sition 4.1.

For ACH, GCEandt > s, define (E[A’S’G,t >ys) on (Q°, F,P,) by

ASC — gAE(0) = (x 1 A x 5 is joined within G to x x 7},

which is the contact process restricted on G starting at time s with initial state A. For y € H,
define

Yy+G:={u+y,v+y):uv) eG}
a shift of G. For y € H and u > 0, define process
gty. G 00, = tl{;ri,y-%—rij,u,y-%—G —y, Vt>0.

Then £ €08, + y is the contact process restricted on (y + G) starting from time u with
initial state [y — ri, y + ri]. Write & © =" © 0 6, for simplicity.

Lemma 3.5 Let G be an edge set and x € H. Suppose (x + w + ai) + G C E shares no
edges with (x —4h — 1, x + w + hi) for all w € [4h + 4r, [4.00011]] and a € [0, hi]. Then

P/(SeA,TeB, E5C00,cC|T <o0)=P/(S€A, TecB|T <x)P/E"CecC)

provided the left side is meaningful, where S = Sg(x,0,1,1), T = S7(x,0, 1, 1).
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Lemma 3.6 Let G_ and G| be two edge sets and x € H. Suppose (x + w; + a;i) + G; CE
shares no edges with (x — 8ih — i, x +iw; + hi) and no endpoints with (—iw_; + a_;i +
G_)Ux+8ih+i,x —iw_; +hi) fori € {1,—1}, wy,w_; € [8h + 4r,[8.0001h]] and
ap,ad_y € rO,hIJ Let S] = Ss(x,O, 1, 1), S_l = Ss(x,O, 1, —1), T1 = ST(X,O, 1, 1) and
T_1=S87(x,0,1,—1). Then

P/(Si €Ay, S. €A, Ty €By, T-1€B_y, %00y €C,
ES18-1 007, € C|Ty <00, Ty < o)
:Pﬁ:(Sl eAla S—l EAfl, Tl EBlv T*l eB*l|T1 <OO’T71 <OO)P5(§X " eCl)
CBI(E S ec )

provided the left side is meaningful.

The proof of Lemmas 3.5 and 3.6 will be deferred to Appendix 1.

4 Construction of Integrated Boxes

We shall define a number of mappings in Sects. 4 and 5. Every mapping corresponds to an
algorithm. More precisely,

Av: i A,

where X is the input and Ar(X) is the output by Algorithm k. For each ¢ > 0, fix r =r(¢)
and h = h(e) satisfying Lemma 3.4 henceforth. We always write M = 107 in this paper. For
x€H,m eZand n € Z*, define

Ry = [a +mMh 4+ nMhi, b + mMh + nMhi] = [a, b] + Mh(m + ni),

where a = 100A[9(x)/100k] + 1002[I(x)/100A4]i and b = a + 100(1 +i). Then R,, , is a
square and x € Ry .

Suppose (x x ), is a seed. We first introduce Algorithm 1, which is used to construct
a route by which the seed (x x s), is joined to other seeds in Ry ; and R; with large
probability, see Figs. 2 and 3 respectively.

Algorithm 1

0) Seti =1, (y,t)=(x,s)and t; =t, = o0.

1) If S7(y,t,i,—1) < oo, then set (y,t) = (Ss, St)(y,t,i,—1) and i =i + 1. Otherwise
goto 17).

2) If St (y,t,1,—1) < oo, then set (y, t) = (Ss, St)(x,s,1,—1) and i =i + 1. Otherwise
go to 17).

3) If y € [a + Mhi+ 50h, a + Mhi+ 60k + 90hi ], then go to 14).

4) If R(y) > N(a) + 30Ah, then go to 1).

5) If Ly(y,t,i,—1) < oo, thenset (y,t) = (Ls, L7)(y,t,i,—1) and i =i + 1. Otherwise
go to 17).

6) If L7(y,t,1,1) < oo, thenset (y,t) =(Ls,L7)(y,t,1,1) and i =i + 1. Otherwise go
to 17).
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7) If Sr(y,t,i, 1) < oo, then set (y, t) = (Ss, S7)(y,t,i,1) and i =i + 1. Otherwise go to
17).
8) If Sy (y,t,1,1) < oo, then set (y,t) = (Ss, S7)(y,t,1,1) and i =i + 1. Otherwise go
to 17).
9) If y € [a + Mhi+ 40h, a + Mhi+ 50h + 90hi], then go to 15).
10) If R(y) <N(a) + 70h, then go to 7).
11) If Ly (y,t,i,1) < oo, then set (y,t) = (Ls, L7)(y,t,i,1) and i =i + 1. Otherwise go
to 17).
12) If Ly(y,t,1,—1) < oo thenset (y,1) =(Ls, L7)(y,t,1,—1) and i =i 4 1. Otherwise
goto 17).
13) Goto 1).
14) If Ly (y,t,i,—1) < oo, set (y,t) = (Ls, L7)(y,t,i,—1),i =i+ 1, and go to 16). Oth-
erwise go to 17).
15) If Ly (y,t,i, 1) < oo, then set (y,#) = (Lg, L7)(y,t,i,1) and i =i 4 1. Otherwise go
to 17).
16) If Ly(y,t,1,—1) + Ly (y,t,1,1) < o0, set (y1,t1) = (Ls, L7)(y,t,1,—1) and
(2, t) = (Ls, L7)(y,t, 1, 1).
17) Return ty, to, y1, y2, 1.

Here, (f, g)(yv,t,0,¢) = (f(y,t,0,c),g(y,t,0,c)). The idea of Algorithm 1 is as fol-
lows. Use S-boxes (horizontal and vertical boxes alternatively) to let the seed spread in the
northwest (‘N ”) direction. If the infection surpasses the line {y : R(y) = NR(a) + 30k}, then
use two L-boxes to change the spread into the northeast (‘ 7’) direction. If the infection
surpasses the line {y : M(y) = N(a) 4 70k}, then use two L-boxes to change the spread into
the northwest direction. Iterate the procedure until Ry ; is infected. Then use two L-boxes
to get the two infected seeds we want. As a result, by the route given by Algorithm 1, the
vertical seed (x x s), may be joined to two vertical seeds (y; X #1), and (y, X 1), where
Y1, 2 € Ro.1. Note that the route lies in [a, b + Mh].

Algorithm 1 must end with i < M. So #; + #, < co with large probability by Lem-
mas 3.4, 3.5 and 3.6. If #; + #, < o0, it generates two seeds as our requirement. Define

mapping
AV(s,x,1) = (11, 12, Y1, y2).

Here ‘1’ corresponds to Algorithm 1, ‘v’ corresponds to that the seed at the initial state
is vertical, and ‘i’ corresponds to that the orientation of the infection is north (‘1°). In
application we care little about the precise values of x, y; and y,. Moreover, y; and y,
are ‘almost’ determined by #; and t, respectively. Hence we omit the space parameters
and abuse the notation Ao'f(s, i) = (t, ). Similarly, we shall omit the space parameters for
/ii (i=2,...,6), which will be defined later.

. Define mapping /i’f(s, 1) := (¢], t;) similarly, see Fig. 3. A little difference is that
AY(so, 1) generates two horizontal seeds (y| X t]),, (y5 x #3), with y;,y € Ry and
J(y; — ¥5) > 0. Define A}l‘ for the case that the seed at the initial state is horizontal in the
same way. In application we care little about whether the seed at the initial state is vertical
or horizontal, so we simply write A;.

Next we introduce Algorithm 2. By the algorithm we construct integrated boxes to get a
route, as shown in Fig. 4. We may get some y, z € R, , and ¢, u < oo by the route, such that
the seed (x X s), is joined to the seeds (y x ), and (z X u), within [a,b +nMh(1 +1i)].
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Algorithm 2

1) Set (th 1, 13) = A (s, x,i);
2) For2<j<n
set (t(l).jv [()I,j) = Al(l(l),j_p D3
End
3) Sett},ozoo,j: 1,...,n;
4) Forl<i<n
Forl1<j<n
set (zl{j, ti{j) = A (til—l,j’ 1)1{’i]-1.j<°°] + A (z;’jfl, i)l{ti]_l.jzoo};
End
End
5) Return t,iw,,t'

nn*

If t,iw +1! < oo, then there exist y, z € R, », such that the seed (x x s), is joined to two

n,n

seeds (y x 1 ), and (z x t, ), within [a, b +nMh(1 +i)]. Define

n,n

AL(s,x,n, 1+i0):= t;i't,n and AR(s,x,n, 14+i0):= t,}ﬂ,
where 1 + i indicates that the orientation of infection is northeast.
Similarly we can define AL(s,x,n,o) =1, KR(s,x,n,o) =t foroe{l —i,—1+
i, —1—i}.If t; + 1, < 00, then there exist x;, x, € [a, b| + nMho, such that the seed (x x 5),
is joined to two seeds (x; X #1), and (x X £,),, and x, x1, x, are arranged clockwise.
Having introduced Algorithms 1 and 2, we can state the main proposition in this section
now.

Proposition 4.1 Suppose p < 1 and Pf(f,:o survives) > 0. Let x = x(¢) € H with J(x) >
10k and (x x 0), be a horizontal seed. Then there exists W > 0 which depends only on ¢, p
and A, such that
w
n) =1

)
n|=1.

Proposition 4.1 will be proved in Appendix 2. We only state the idea here. Algorithm 1
provides a route by which a seed in R, , is joined to other seeds in R+, and R,, ,4+; With
large probability. As a result, we use the renormalization method and consider each R, ,, as
one site. Declare Ry open if x € Ry and (x x 0), is a seed. For m 4+ n > 1, declare R,, ,
open if and only if

o W o1
lim hmlanf(?n <A 0,x,n, 140 <

e—=0+ n—oo

and

o TW . o1
lim liminfP? - < Ar(0,x,n,14+10) <

£—0+ n—o0

(1) Ry—1, is open and the seed in R,,_;, is joined to two seeds in R, , through Algo-
rithm 1, or

(i1) Ry—1., is closed, R, ,—; is open and the seed in R,, ,_; is joined to two seeds in Ry, ,
through Algorithm 1.

Refer to Fig. 4. The process (R,, ,) is an oriented site percolation. Refer to Grimmett [6].
We can find a unique open path from Ry to R, , with large probability. Furthermore, we
can find the unique route constructed by S-boxes and L-boxes, within which the seed in Ry o

@ Springer



666 X. Chen, Q. Yao
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Fig. 9 All S-boxes are disjoint

is joined to another two seeds in R, ,,. It implies that A L (A r) is the sum of the time spent in
each box. Figure 9, which describes the way how to get Al (s, x,0), A 1 (t0 1»1) and Al (t0 IR
shows that all S-boxes used in Algorithm 2 are disjoint. So the times spent in each box are
independent under certain condition by Lemmas 3.5 and 3.6. Through rigorous calculation,
we get that the total number of S-boxes on the route is between 2njj,,., and 2n} ]L,ppe, Then
by the law of large numbers, the time spent in these S-boxes is almost between Sn and
g o Sn. We can deduce that the time spent in these L-boxes is almost between TL sLn and nr o Ln,
too Hence the total time A L (A r) is almost between 2 W, Wn and U Wn Here jiyer and Jupper
are two constants which satisfy 1 < jipper/fiower < g, and S, L, w depend only on p, A
and €.
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5 The Complete Convergence Theorem

In this section we shall prove the complete convergence theorem. When p = 1 the theorem
is already proved in Bezuidenhout & Grimmett [1]. Therefore, throughout this section we
suppose p < 1 and P} (£° survives) > 0. It is easy to prove that S,A\C“ converges weakly to
8y for all A C H and almost all w. Therefore, £4 and £4"¢~ have the same limit behavior.
Furthermore, by Theorem 1.12 of Liggett [10], to prove Theorem 1.1 it suffices to prove that
there exists o € Q° with P?(Q) = 1 such that for all € Qo,

(1) Py(x €limsup&A(C)) =Py (4(C) survives) forall x € C and A C Coo;

(11) limy o liminf, o P, (5" (C) N By) #¥) = 1.

We shall prove (i) first. Fix A a nonempty finite subset of H. Let x, be any element of
A and oy = 0. Hence X is infected at time oy during the process £4. Define &, i, Yi, 041
and x; inductively for k > 0 as follows. Let

8y := sup{r : x; x oy is joined within (x; —r — 1, x; +r + 1 + 2000Ai)
to [xy —r —1,xc +r+ 14+ 2000hi] x t}
be the death time of &%} ok —r—Lx+7+1+20000) Thep §, < 0o almost surely. Let
T :=min{t — oy : x; X oy is joined within (x; —r — 1, xx +7 4+ 1 4+ 2000hi)

to z x t for all z € [x; — r + 2000Ahi, x;. + r + 2000Ai]}

be the waiting time for the first seed on the top. Then P} (7; < coloy < 00) > 0, and oy +
T < O if T < 00. Let

Y, = sup{tv(x) +2:x¢€ U 5,*‘}.
1<k
Hence Y, < oo almost surely. Let

oppr = inflt > 8 1 Ix € £, J(x) = Vi)

and x;, be the corresponding infected site.

{tx : kK > 0} are independent and identically distributed random variables conditioned on
o < oo for all k. Hence K := min{k : 7, < 0o} < oo almost surely conditioned on o} < 00
for all k. But £# survives almost surely if and only if o} < oo for all k, which means that

P/(K < ool £* survives) = 1. (5.1
Therefore, (xx X Tg), is a horizontal seed. Let
¢ =AL(AL(AL(AL (tg, xi,my L4+, m, =1 +1),m, —1 —i),m— 1,1 —1),
and (¢ x ¢), be the corresponding seed if ¢ < co. Then

9 € R_11 C By 2Mh).

Refer to Fig. 5. By Proposition 4.1 and the strong Markov property,

lim liminfP! BWm < ¢ < 00|1(x <00, Xk) = 1,

e—>0+ m—o00
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which implies that

lim liminfP! (3 > 3Wm, £* N B, @Mh) # D1k o0, Xx) = .

e—>0+ m—o0

By the dominated convergence theorem,

lim P! (limsup& 1 By (2MA) £ 0|1 <oy, X1 ) = 1.
-0+ t—o0

&
Furthermore,

tim P! (limsup&! #0115 <)) = 1. (5.2)
e— 0+

—>0o0

By (5.1) and (5.2),
| (lim sup& # 9| £4 survives) =1
—>00
Therefore, there exists 24 € QF with P?(Q,4) = 1, such that for all w € Q4,

P, (gA(C) survives, and limsup&/(C) = @) =0. (5.3)

t—>00

That is to say, £4(C) survives strongly if it survives. See p. 42 of Liggett [10] for the defini-
tion of strong survival.

Fix w € Q4. Suppose limsup,_, . £*(C) # @ and y € limsup,_, ., €(C). Then y € Cw
since contact process must die out on a finite set and Co, is the unique infinite open cluster
of C. If z € Cw, then there exists at least one open path from y to z in Cy. It implies that

P,z €£(C) > 0.

Since y € limsup,_, ., £(C), we know by the strong Markov property that

P, (z € limsup£*(C)|y € limsup & (C)) =1.

—00 —>00

By the arbitrariness of y,

P, (z e limsup£*(C)|limsup £ (C) # @) =1. (5.4)

=00 =00

Together with (5.3) we can deduce that for a finite subset A C H, C € Q24 and z € C,

P, (z € limsupé',A ©)] 4 (C) survives) =1.
1—00
Now let €4 = (), (Nac. jaj=n $24- Then P7(Q)) = 1. Moreover, (i) holds for all
w € ), A CCx with |[A| < 00.
Consider |A| = co. We can get that for n > 0, there exists m,, such that for any B C H
with |B| > m,,, Pf (€8 survives) > 1 — 47" by a reason similar to the proof Lemma 3.1. It
implies that

P’ ({w: P, (E5(C) survives) > 1 —27"}) > 1 — 27",
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Let B/ := {w : P;(§8(C) survives) > 1 — 27"} and Q[ = Q) N liminf, o, E). Then
PP (Q)) =1.If v € 5, A CCx and |A| = o0, then let (A,) be an increasing sequence
of finite sets which satisfy lim,, A, = A and |A,,| > m,,. Then for x € Co,

P, (x e lim sups;‘(C)) > lim P, (x € limsupé; "(C))
t—00 n—>0o0 t—00

= lim P;, (S,A" © survives)
n—0o0

A%

lim (1 -27")— 1.
n—0oo

But £4(C) survives with P;-probability one. So P,(x € limsup&”(C)) = P;(§4(C)
survives) = 1.

We have completed the proof of (1). We will next prove (i11i). Before that we will define
two mappings

AR xHxZ" x{1,i}—>R" and
Ay RTxHxXZ"xZ" x {1 +i,1 —i,—1+i,—1 —i} > R*

through Algorithms 3 and 4 respectively. The behavior of A, is similar to A,, and we do not
state too much here.
Suppose (x X ), is a seed again.

Algorithm 3

0) Setr=sandy=x. o
1) Sets’ =5 — 100Wn[s/100Wn], v=28- 1,/ 37w, and u =9 — v. One can check that

T— 11— _ _
5"+ (6u + 10v) - I:g Whn, an] C [100Wn,200Wn).

Operate 2)~7) u times
2) t=Ag@t,n, 14i);
3) t=Ap(t,n,1—i);
4 t=A.(t,n,1+i);
5) t=A.(t,n,—1+i);
6) t=Ar(t,n—1,—1—1);
7) t:AoR(t,n—l—l,—l—i—i);Operate 8)~17) v times
8) 1 =Ar(t,n,1+4i);
9) r=A,(t,n,1—i);
10) t = Ag(t,n, 1 +1);
1) t=A (t,n, 1 —i);
12) t=A(t,n, 1 +i);
13) t:ADL(t,n,—l—H);
14) 1 = Ag(t,n—1,—1—i);
15) t=A.(t,n,—1+i);
16) t = Ag(t,n, —1 —);
17) t = Ag(t,n+1,—1+1);
18) Return z.
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8)-17)

2)-7)

Fig. 10 A3(s, x,n,i)

Refer to Fig. 10 for intuition. If < oo, then the corresponding site belongs to Rig+1).0-
Moreover, by Proposition 4.1 we know that ¢ € [100Wn, 200Wn) with large probability if
s €[0,100Wn). Define

/i3(S, x,n,i):=t.
Similarly define As(s, x, n, 1) such that the corresponding site belongs to R0, 18(n+1)-

Algorithm 4

1) Set fo1 = As(s,x,n,i);
2) For2<j<m
set fo; = As(foj-1.m,0);
End
3) Set fjo=00,j=1...m;
4) Forl <i<m
Forl<j<m
set fi.j = As(fio15om D1y ooy T As(fijorn D1y =o):
End
End
5) Return f,, ,,-

If fi..m < oo, then the corresponding site belongs to Rig(u-+1ym,18(u+1ym- Define

As(s,x,n,m, 140) = frm.
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Similarly, define A4(s, x,n,m, 0) foro € {1 —i,—1 +i,—1 —i}.

Proposition 5.1 Suppose p < 1 and Pf(fo survives) > 0. Let x = x(¢) € H with J(x) >
10h and (x x 0), be a horizontal seed. Then

lim liminfliminfP? (200Wnm < Ay(0,x,n,m, 1 +10) <200Wn(m + 1)) = 1.

e—>0+ n—oo m—oo

Proof By Proposition 4.1 and the FKG inequality, we have that with large probability
{As(s, x,n,1), A3(s, x,n, 1)} C [100kWn, 100(k + 1)Wn) if s € [100(k — 1)Wn, 100k Wn).
Such (f; ;) corresponds to a 1-dependent site percolation. Using the result of 1-dependent
site percolation (see Durrett [3]), we get the conclusion. a

Now we have finished the definition of 144 and we can prove (i1i). Suppose (x x 0), is a
horizontal seed with J(x) > 10A. Let

= Ag(As(Ag(Ag(0, x,n,m, 140),n,m, —1 +i),n,m, —1 —i),n,m—1,1—i)

and (u x v), be the corresponding seed if & < 0o. Then v € B, (40nMh). By Proposition 5.1
and the strong Markov property,

lim liminfliminfP? (800Wnm — 200Wn < u < 800Wnm + 600Wn) = 1.

£—>0+ n—>00 m—>00
That is,
813& linn_l)ior.}flimnlioréfPf(Et € [800Wn(m — 1), 800Wn(m + 1)],
£ N B (40nMh) # ) = 1.
We can deduce that for § > O there exist &, n and m,, such that for all m > mgy > 2,
P’ (3t € [800Wn(m — 1), 800Wn(m + 1)1, £ N B, (40nMh) £ ¢) > 1 — 6.

On the other hand, consider Richardson’s process ({f‘) on H with parameter X (see Richard-
son [12]). Then () stochastically dominates & (C) for every C. It is well known that there
exists @; > 0 with o; — 0, such that for all / > 40nMh and A C H \ By (0),

P(30 <t <800Wn(mo+ 1) + 1, ¢* N B, (40nMh) # ¥) < a.
Choose [y large enough so that o, < 8. Set

Ti=influ > s — 1: 10 By(ly) = 0).

Then 7 is a stopping time. For any A C H \ By(ly),

P, (30 <t < 800Wn(mo + 1), £, (C) N B, (40nMh) # @|E[*71(¢) = A)
<P(30 <t <800Wn(mo+ 1)+ 1, ¢* N B, (40nMh) # 0)

<.

Use the strong Markov property again,
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P.(30 <1 < 800Wn(mo+ 1), £2,7"(C) N B, (40nMh) #£ @, £*"*+1 1 By(ly) =
for some u € [s — 1, 5])

=P,(30 <1 < 800Wn(mo+ 1), £-,7"(C) N B, (40nMh) £ 0, 7 <)

=P, (P, (30 <t < 800Wn(mo + 1), £F () N B, (40nMh) # 0| F,); T < 5)

=P, (P,(30 < 1 < 800Wn(mo + 1), £ "7 (C) N B, (40nMh) £ @|g[F—*+71(C));

T<5)

<Py (t <v¥)

for s > 1. That is,
P, (30 <t < 800Wn(mo + 1), £2771(C) N B, (40nMh) # @ | £1**+") 1 By(lp) = 8
forsomeu € [s —1,s]) <34.
Therefore,
PN By(ly) # @ forall u € [s — 1, 5])
> P30 <t <800Wn(mo + 1), &,(C) N B, (40nMh) # )
—P/(30 <t < 800Wn(mg + 1), &.,(C) N B, (40nMh) # @| &= 0 By(lp) = 0
forsome u € [s — 1, 5])

>1—26.

Since &' € S,,AZ if A; € A,, we have
P/ DO N By(l) #Dforselt,t +1]) > 1—28
for any [ > [y and t > 0. Therefore, for any n > 0, there exists /, such that
Pl (gfo N By(l,) #Wfors e[t,t +1]) > 1 —47".
Let
Q. i={w: P ERYNBy() #dforselt,t + 1)) >1-27"}.

Then P?($2,;) >1—27" forall n and ¢. Let

Q; :=liminf 2, ,.

n—o0

Then P?(€2,) = 1 for all ¢. Furthermore, let

Q=) -
k=1

Then P?(2;') = 1, and (11) holds for all w € Q.
Finally, set €2 := €3 N Qy'. As aresult, (i) and (i1i) hold for all w € €.
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6 Concluding Remarks

Although we only study contact processes on open clusters of half space, our result contains
a weaker result for contact processes on open clusters of whole space. Recall p* the critical
value of the Bernoulli bond percolation model on Z¢ x Z* in Sect. 1. Fix p > p*. Let
}\L’," = inf{L : PV (& 9 survives) > 0}. Let D be open clusters generated by Bernoulli bond
percolation of Z¢*! with parameter p. Obviously, A.(D) < A# almost surely.

Theorem 6.1 For ) > A, the complete convergence theorem holds for contact processes
with parameter A on almost all D.

Proof 1t is directly drawn from Theorem 1.1 and Theorem 1.12 of Liggett [10]. O

When p =1, it is well known that A.(D) = Af’ , see [1]. Hence we have the following
problem, which we believe true. If it is true, then the complete convergence theorem holds
for supercritical contact process on almost all open clusters of whole space.

Problem 1 For p* < p < 1, does A.(D) = A almost surely?

It is a pity that our method does not work for the whole plane. In the half plane case,
infected sites on the real line cannot infect any sites below. Together with the fact that the
chance of the existence of crossing from bottom to top of a box is small if the box is high
enough, we can get that the seed on the bottom, which is just on the real line, infects suf-
ficiently many sites on the left and the right sides almost surely if the process survives. As
a result, we can successfully use a seed to generate other two seeds and construct the two
restart processes which are independent of the former process in the annealed law. The rest
proof is routine, see [1, 6]. However, our method fails in the whole plane case. On whole
plane, infected sites on the real line can infect sites below. We cannot ensure that a seed on
the bottom of a box can infect sufficiently many sites on the left and right sides with high
probability, so that, we cannot find independent restart processes.

In this paper, we show that the complete convergence theorem holds for contact processes
on most subgraphs of Z? x Z*. But whether it is true for all subgraphs, which is more
interesting, is still unknown. Hence we propose the following problem.

Problem 2 Does the complete convergence theorem hold for any infinite connected graph
G which can be embedded in Z¢ x Z*?
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Appendix 1: Proof of Lemmas 3.5 and 3.6
Proof of Lemma 3.5 Fix w € Q°, w € [4h + 4r,[4.00014]] and a € [0, hi]. Set s = x +

w + ai. Define (M, t > 0) to be a filtration:

:M[ — 0'(& [x—r,x+r],0,(x—4h—1,x+w+hi)U(s+G) -0 <u< t).

u
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674 X. Chen, Q. Yao

Then T" =T + 00 - 154 is a M,-stopping time, S,S’G eM, and T - 1{7 <0, 5=5) € M7'. By
the strong Markov property,

P,(T <o00,S=s,TeB, £5C00;€0)
=E,(P(T <o0,S=s,T € B, £ 00; € C|Mp))
=E,(P, (%% 00 € C|M7p); T € B,T <00,8 =5)
=P,E"CecCP,(TeB,T<00,5S=5),

where E, is the expectation corresponding to P;. The assumption that s + G and
(x —4h — 1, x + w + hi) shares no edges implies

E’(P,(*C e C)P,(T € B,T <00,S=5) =P/ (ECecCP/(T €B, T <00,S=5).
By the property of translation invariance,
P)Pi(gs,G c C) — Ep(P)\(g ]'sfri,s+rij,0,s+G(C) —se C))
— Ep(P)\(E !'xfri,erriJ,O,er(G(C —s+x)—x€eC))

— Ep(P)L(E !'xfri,x+rij,0,x+@(c) —xe C))
=P/ ("0,

where E? is the expectation corresponding to P?. Therefore,
P/(T <oo, TeB, S=s, E5C 00, € C)=P/(T <00, T€B, S=5,)P (T c0),
as desired. d

Proof of Lemma 3.6 Fix w € Q°, {wy, w_;} C [8h +4r,[8.00014]] and {a;,a_,} C [0, hi].
Sets; =x+w; +ajiand s_; =x — w_; +a_;i. Define (M,, t > 0) to be a filtration:

. [x—rx+r],0,(x—w_1,x+w+hi)U(s; +G)U(s_1 +G_
M, = a( Y

‘):Osusr).

Then T) =Ty + 00 15,25, and T’ ; = T_; + 00 - l5_, 4, |} are M,-stopping time. Directly
calculate

P,(Si=s1, T1 € BiN[0,00), €100y, €Cy,
Si=s4, T1€B N[0,00), E51C100, €C_ |, Ty <T))
=E,(P,(Si=s1, T1 € BiN[0,00), &1 06y € Cy,
Si=s4, T1€B_1N[0,00), E1C100, €C |, T/ < T'\|M7))
=E,(P,(S_1=s5_1, T_y € B_; N[0, 00), &% 00y, € Cy,
Y= CoilMp); Si=51,T1 € BiN[0,00), Ty <T))
=E,(P°(S_1 =51, T_1€B_1N[0,00), E1C1 ey, E51C1060,  €Cy);
S1=s1,T1€eBiN[0,00), T <T_))
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The Complete Convergence Theorem Holds for Contact Processes 675

—E (PD 1U[sy—ri,s1+ri]

(S_1=s_1, T_, € B_,N[0,00), &% ey,
ES1C-160, €Cy); S =s51,T1 € BIN[0,00), Ty <T_y)
=E, (P, (S.i=s_1, T_1€B_1N[0,00), E1%1 00y €C_y)
x P (BTG € €y Sy =51 Ty € BiN[0,00). Ty < 7o)
=E,(P,(S_1=s_1, T_y € B_;N[0,00), £51C- 00r_, € Coy|Mrp);
Si=s1,T, € BiN[0,00), T < T_I)PFI_”’S]HU(és"G] eCy)
=P,(S.1 =51, T1eB N[0,00), EF 100, eCy,
Si=s1.Ti € BiN[0,00), Ty < T_PY " (E161 e )
=E,(Py(S_1=5_1, T-1€B_1N[0,00), E51C100; eC_y,
=Sis1,Ti € BiN[0,00), T < Ty | My NP (EEre )
=P (S_1=s1, To1€B_1N[0,00), 81 =s51,T1 € BiN[0,00), Ty <T_y)
% Pgsl—ri.s]+ru(§s]¢@1 c CI)PKs,]—ri.s,wriJ(gs,l,([},l eC_)),

where P{ =P; o (§4)~! is the probability measure induced by £4 for A C H and

D_ 1_gl' r,r],0,(x—w_ 1x+8h+h|)7

D= %j r,r],0,(x—w_1,x+w+hi)U(s1+G U1 +G_ 1)
the third and the last equalities are based on the strong Markov property; the fourth equality
holds since

%-D — %‘D—l U i_—]’slfri,S]%»rij U ED\(D_]U[X]7I‘i,.T1+I‘iJ);

and the fifth equality holds since (s; + G;) shares no endpoints with (s_; + G_;) U
(x —w_1,x +8h+ 1+ hi).
We omit the rest of the proof since it is parallel to that of Lemma 3.5. O

Appendix 2: Proof of Proposition 4.1

We need more preparations. By our construction and the symmetric property, AL, x,n,
1+i) and Ag(0, x, n, 1 +i) have the same distribution. So we only need to prove

")
n)=1.

We shall introduce a random variable sn .- It has the same distribution with A 10, x,n, 1+10)
and is the sum of a sequence of independent and identically distributed random variables
with finite means conditioned on some large probability event. The random variable Sil,n is
constructed by Algorithms 5 and 6, which are similar to Algorithms 1 and 2. Define random
variables SBy, LBy, TB; and random vectors S, = (S (1), Sx(2)), Ly = (Ly (1), L (2)), Ty =

(Ti (1), T (2), T (3), T (4)) for k > O as follows:

TW .
lim 11m1an —n<A
e—0+ n—>00 6
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676 X. Chen, Q. Yao

P(SB; = 1) = 1 — P(SB, = 0) = P (57(0,0, 1, 1) < 00);

P(LB, =1) = 1 — P(LB; =0) =P/ (L7(0,0, 1, 1) < 00);

P(IB,=1) =1 —P(TB, =0) =P/ (L1(0,0,1, 1)+ L7(0,0, 1, —1) < 00);
P(S €-) =P/((S7(0,0,1,1), 50,0, 1, 1)) € - | $7(0,0,1,1) < 00);
P(Li€-) =P/ ((Ly(0,0,1,1), Ls(0,0,1,1)) € - | L7(0,0, 1, 1) < 00);

P(T; €-) =P ((L7(0,0,1,1), L7(0,0,1,—1), Lg(0,0, 1, 1), L(0,0, 1, —1))
€| Lr(0,0,1,1) 4+ L7(0,0,1, —1) < 00).

Let all SBy, LBy, TBy, Sk, Ly and T} for k > 0 be independent.
Now give jo, ko, no € Z*, then we have the following algorithm.

Algorithm 5

0) Set j = jo,k=ko, (t,y)=(s,x)and t; =1, = 00.
1) If SB; =1, then set (¢, y) = (S;(1) + t, e S;(2) +y) and j = j 4 1. Otherwise go
to 17).
2) If SB; =1, thenset (¢, y) = (S;(1) +¢, —m—i-y) and j = j+ 1. Otherwise go to 17).
3) If y € [a + Mhi—+ 50k, a + Mhi + 60h + 90hi], then go to 14).
4) If R(y) = N(a) + 30Ah, then go to 1).
5) If LB, = 1, then set (¢, y) = (Ly(1) + ¢, Li(2)e'? + y) and k = k + 1. Otherwise go
to 17).
6) If LB, =1, thenset (¢, y) = (Ly (1) +1¢, Ly (2) +y) and k = k + 1. Otherwise go to 17).
7) If SB; =1, then set (t,y) = (S;(1) + ¢, Sj(2)ei% 4+ y) and j = j + 1. Otherwise go
to 17).
8) If SB; =1, thensset (¢, y) = (S;(1) +1¢, S;(2) + y) and j = j + 1. Otherwise go to 17).
9) If y € [a + Mhi+ 40h, a + Mhi+ 50h + 90hi], then go to 15).
10) If 9(y) < N(a) + 70h, then go to 7).
11) If LBy =1, then set (¢, y) = (Li(1) + I,T(Z)ei% + y) and k = k + 1. Otherwise go
to 17).
12) If LB, = 1, then set (1, y) = (Li(1) +,—L;(2) + y) and k = k + 1. Otherwise go
to 17).
13) Goto 1).
14) If LB, =1, set (¢, y) = (Lx (1) + ¢, Lk(2)e‘% +y),k=k+1 and go to 16). Otherwise
go to 17).
15) If LB,y =1, set (¢, y) = (L (1) + 1, Lk(2)ei% + y) and k = k + 1. Otherwise go to 17).
16) If TB,, = 1, then set (11, t2, y1, y2) = Ty + (¢, 2, ¥, ¥).
17) Return ty, t2, y1, y2, J, k.

If t; + 1, < 0o, we crudely calculate and get kjoyer < k — ko < kuppers Jiower < J — Jo <
Jupper» Where

5.0001 x (M + 200) M
upper — s klower = T o =nannt’
%0 5 x 5.0001 .
. _ M + 200 — 4klower . _ 2M — 9~0001kupper .
Jupper = 2 ’ Jlower = 5.0001
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The Complete Convergence Theorem Holds for Contact Processes 677

kupper 11 Jupper
kluwer 7 Jlower o
(ti, 2, y1, ¥2, j, k). By Lemmas 3.5 and 3.6, one can get that (¢, t,, y1, y») and Aj(s, x, i)
have the same distribution.

Similarly, we omit the space parameters and abuse the notation A:(s, jo, ko, 19, 0) =

(t1, 12, J, k). As before, we use fis to stand for Ag and Ag‘ without distinguishing.

Our choice of M = 107 ensures that < '7—1 Define /ig (s, x, jo, ko, ng, 1) =

Algorithm 6

1) Set (sh . 541+ jo.1- ko1) = A5(0,x,0,0,0,i), f =0, Upo=0;
2) For2<l<n

set f=f+41;
set Up; = f;
set (S(I),la S(;’]a jO.l! kO,l) = AS(S(I)J_U Mf7 Mf? Mf! I)’
End
3) Sett}_ozoo,lzl,...,n

4) Forl<i<n
Forl1<l<n
set f=f+1;
set U,‘J = f;
set (s} 887 Jits ki) = As(sl_ s MEMAME D1 o)
+As(sl_  MEMAME DL s
End ’
End
5) Return (s}, 5!, jiss ki, Uig i1 <i<n, 1<l <n).

By Lemmas 3.5 and 3.6, s} , has the same distribution as AL (0, x,n,1+i). The matrices
(U;,;) are determined, which will be used later. Before the proof of Proposition 4.1 we need
the following lemma.

Lemma A.1 Let X, X;, X»,... be independent and identically distributed random ele-
ments. Let ¥, be a o-field, F, 2 o{Xy,..., X,,} and X,1; is independent of F,. Let T
be an ¥,-stopping time and T < M, where M is a fixed positive integer. Let f(x) be a
function satisfying f(x) > x for all x. Then (X;,..., X)) has the same distribution as
(Xl, ey XT, Xf(T), ey Xf(T)+M—T—1)~

Proof For any sets Ay, ..., Ay € 0(X),

PXi€A,.... X7 €Ar, Xrr) €A1, .o, Xp()4+M—T—1 € Ap)
=EPX, €Ay, ..., Xr€Ar, Xpr) € Arg1s oo, Xpry4m—1-1 € Au|F7))
=E®PXsr) €Arprs .o, Xpryrm—1-1 €AulFr); X1 €Ay, ..., X7 € A7)

M
=E( [] Pxean:x, eAl,...,XTeAT)
i=T+1
=EPX7y1€Arqr,..., Xy €AylFr); X1 €Ay, ..., X7 € Ar)

:P(X] GA],...,XMEAM).

We complete the proof of the lemma. u
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678 X. Chen, Q. Yao

Proof of Proposition 4.1 Since AL(0,x,n,14 i) has the same distribution as s} »» We need
only estimate s, ,. Generate a labeled graph C’ of H in the following way: i + ji is an open
site of C' if and only if SBy = LBy = TBy; = 1 for all MU; ; <k < M(U; ; + 1). We say that
a, ~ ---~a, is an open path of C" if a; € C’ and a; | — a; € {1,1i}. Set A, be the event that
there exists an open path from (0, 0) to (n, n) in C'. Obviously, if A, occurs then s,‘l,n < 00.
Moreover, on A,, there exists a unique open path 0 =Py~ ---~ P, ~---~ P, =n + ni
which satisfies

Pm Pn—
(SPm s}’,nvjp,naki’m) _AS( lvMUvaMUPmaMUva Pm - mel)

for 0 <m < 2n. Here we set P_; = —i, and do not distinguish P,, with (i, j) if P,, =i + ji.
Furthermore,

2n JPy =1 kp, —1
sL,,,:Z( Yoosh+ Yy Lh(1)+TMUPm(*)>,

m=0 \h=MUp,, h=MUp,,

where * determined by (P,,) is equal to 1 or 2. Actually, P, 1,4, is a measurable variable with
respect to §,, = 0{SB,,, LB,,, TB,, : m > 0}. Let 8, :=0{S;, :0<h <m}, L, :=0{L;:
O0<h<m}and 7,, :=0{T;, : 0 <h <mj}. Then jp, — 1 is an H},-stopping time conditioned
on &y, Lo and T5,. Let

(81, 8,...) = (SMUP(),---,SjP()—l, SMUpl y-~-7Sjpl—19~--7SMUp2”a---7Sjp2n—la SjPZn’

Then by Lemmas 3.5, 3.6 and our construction ensuring that all S-boxes are disjoint,
(3'1, S’z, ...) has the same distribution with (Sy, S5, ...). Refer to Fig. 9. Now on A,, we
write a = Zif o(p, —MU pm) By (A 1), there exist a; and a, which depend on M only,
such that ajn <a < axn w1th 22 < =, Asaresult,

n JPm— 2n  Jjpy—1
Sp(1) > —Sn or Sp(l) < = Sn A
o3 % >3 )

m=0h=MUp,, m=0h=MUp,,
n o JPp— 2 JPm—

= ( (Z Z Sh(1)>—Sn0rZ Z Sp(l) < = Sn|8oo,£oo,Joo> )
m=0h=MUp,, m=0h=MUp,,

( (ZSh(1)>—Sn or Zsh(1)< Sn) )
(ZSh(l) > —Sn) +P<Z Sp(1) < Sn)

h=1 h=1
where S = 3(”1% + “7—‘)E(So(1)). Furthermore, the probability above converges to zero as n

goes to infinity by the central limit theorem. Similarly, there exist L and T which depend
only on M, E(Ly(1)) and E(7y(1)), such that
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The Complete Convergence Theorem Holds for Contact Processes 679

on kpy— on kp,—
(Z Z L;,(1)>—Lnor2 Z Ly(1) < Ln)—>0;

=0 h=MUp,, m=0h=MUp,,
2n 11— 2n
P> Ty, () > < [nor ZTMU,, (%) < = Tn — 0.
m=0

Finally, set W=S+L+T.Then W > 0 and

L 7— ) 11—
liminfP EWn <8y, < FWn

n— 00

) 11— . 7—
> liminfP(A,) — lim P(s;w > KWn ors,, < EWn; A,,)

n—00 n— 00

=liminfP(A,).

n—00

But C’ can be seen as an oriented site percolation with parameter [P(SB; = 1)IM[P(LB, =
DIM[P(TB; = 1)]™M. By Lemma 3.4 we know that

11%1 [P(SB; = DM[P(LB, = DIM[P(TB, = DM =
e—>0+
which implies that

lim liminfP(A,) =1.

=0+ n—o0

For more details about oriented site percolation one can refer to Durrett [3]. Therefore,

=04+ n—o0

7 11.__
lim limian<6Wn < sn "< Wn) =1.

We have completed the proof of the proposition. O

References

1. Bezuidenhout, C., Grimmett, G.: The critical contact process dies out. Ann. Probab. 18, 1462—1482

(1990)

Bramson, M., Durrett, R., Schonmann, R.H.: The contact process in a random environment. Ann. Probab.

19, 960-983 (1991)

Durrett, R.: Oriented percolation in two dimensions. Ann. Probab. 12, 999-1040 (1984)

Durrett, R.: Lecture Notes on Particle Systems and Percolation. Wadsworth, Pacific Grove (1988)

Griffeath, D.: The basic contact processes. Stoch. Process. Appl. 11, 151-185 (1981)

Grimmett, G.: Percolation, 2nd edn. Springer, Berlin (1999)

Harris, T.E.: Contact interactions on a lattice. Ann. Probab. 2, 969-988 (1974)

Harris, T.E.: Additive set-valued Markov processes and graphical methods. Ann. Probab. 6, 355-378

(1978)

9. Klein, A.: Extinction of contact and percolation processes in a random environment. Ann. Probab. 22,
1227-1251 (1994)

N

®© NN kW

@ Springer



680 X. Chen, Q. Yao

10. Liggett, T.M.: Stochastic Interacting Systems: Contact, Voter and Exclusion Processes. Springer, Berlin
(1999)

11. Pemantle, R., Stacey, A.M.: The branching random walk and contact process on Galton-Watson and
nonhomogeneous trees. Ann. Probab. 29, 1563-1590 (2001)

12. Richardson, D.: Random growth in a tessellation. Proc. Camb. Philos. Soc. 74, 515-528 (1973)

13. Steif, J.E., Warfheimer, M.: The critical contact process in a randomly evolving environment dies out.
Preprint

@ Springer



	The Complete Convergence Theorem Holds for Contact Processes on Open Clusters of ZdxZ+
	Abstract
	Introduction
	Outline of Proof
	Construction of S-Boxes and L-Boxes
	Construction of Integrated Boxes
	The Complete Convergence Theorem
	Concluding Remarks
	Acknowledgements
	Appendix 1: Proof of Lemmas 3.5 and 3.6
	Appendix 2: Proof of Proposition 4.1
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


